Peer reviewed journal article Isolated footings are reinforced concrete elements whose flexural and punching shear strengths are usually governing for their design. In this work, both failure modes and their interaction are investigated by means of the kinematical theorem of limit analysis. Previous works in this domain have traditionally considered failure mechanisms based on a vertical penetration of a punching cone. In this work, two enhanced failure mechanisms are investigated considering not only a vertical penetration of the punching cone, but also a rotation of the outer part of the footing, allowing to consider the role of both bottom and top reinforcements on the failure load. A rigid-plastic behavior with a Mohr-Coulomb yield criterion is considered for the concrete and a uniaxial rigid-plastic behavior is assumed for the reinforcement bars. The analysis shows that a smooth transition between flexural and punching shear failure occurs, corresponding to a flexural-shear regime. With respect to the punching shear failure regime, it is shown that the top reinforcement might play an important role (a fact usually neglected by previous investigations). Simplified formulations, allowing easy calculation of the load carrying capacity of footings, are derived and compared to the solutions according to limit analysis. Both theoretical and approximated solutions are finally compared with experimental results, showing consistent agreement.
Introduction
Concrete footings are commonly used as foundations for buildings and bridges. Although the load carrying capacity of footings subjected to a concentrated loading originated from a column has been the object of different research works [e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , there is still not yet a consensus on a consistent method with physical basis for its design. In this paper, a rational approach is presented on the basis of the kinematical theorem of limit analysis, providing an upper bound solution for the load carrying capacity of these members. The approach may be applied to footings subjected to a distributed soil reaction (as the case of footings with a uniform soil reaction, see Fig. 1(a) ) or to footings with concentrated reactions (as the case of pile caps, see Fig. 1(b) ).
One of the first applications of limit analysis to reinforced concrete members subjected to in-plane shear was proposed by Drucker [19] , who developed both a lower and an upper bound solution for a beam without shear reinforcement (refer to Fig. 2 (a) and (b)). Drucker [19] also showed that the proposed upper and lower bound solutions provided the same failure load and thus corresponded to the exact solution according to limit analysis. According to Drucker [19] , failure in shear occurs by crushing of the inclined compression strut (with or without yielding of longitudinal reinforcement). This has been observed to be consistent with experimental evidences only for beams with low slenderness (see Fig. 2 (c), for beam B1 of Leonhardt and Walther [20] ). For larger slenderness ( Fig. 2(d) , beam B6 of Leonhardt and Walther [20] ), failure occurs instead by an unstable propagation of a critical shear crack developing through the compression strut. In these latter cases, the strength is no longer controlled by the concrete crushing and strain localization occurs. Thus, size effect and other phenomena govern [21, 22] and the application of limit analysis is in principle unsuitable for these cases. Analogously to the behavior observed in beams, the strength of slender two-way slabs without shear reinforcement might be governed by the development of a critical shear crack, thus being in the range where limit analysis is not applicable [23] . On the contrary, footings and compact slabs failing in punching can be considered to be similar to beams with low shear slenderness failing by crushing of concrete struts, thus corresponding to the range of cases where limit analysis may be applied.
Limit analysis has already been applied in several cases focusing on the flexural and shear capacity of plain and reinforced concrete http://dx.doi.org/10.1016/j.engstruct.2016.01.010 0141-0296/Ó 2016 Elsevier Ltd. All rights reserved. elements as joints, beams and slabs [e.g. 19, . With respect to punching shear in slabs, Braestrup et al. [28] , Nielsen et al. [31] and Braestrup [32] , presented a first theoretical solution based on the kinematical theorem, considering the concrete as a rigid-plastic material with a modified Coulomb yield criterion. The adopted failure mechanism consisted on a vertical shift of the outer slab portion, see Fig. 3 . Later, Jiang and Shen [37] , Bortolotti [39] , Kuang [40] and Salim and Sebastian [42] also applied the upper bound theorem, adopting the same mechanism proposed by Braestrup et al. [28] , but with some modifications, namely, in the adopted failure criterion for the concrete.
A drawback of the above mentioned works, based on limit analysis to punching shear in slabs, is that the adopted failure mechanism only considers a vertical displacement along the failure surface, therefore neglecting the possibility of rotations leading to the activation of both bottom flexural and top reinforcement (and thus allowing only the analysis of punching regimes and not flexural or combined flexural-shear regimes). Moreover, all the above mentioned works deal mostly with punching shear strength of general slabs, where the application of this theory becomes potentially questionable (influence of size effect and other phenomena [22] ).
In the present work, a theoretical solution for the load carrying capacity of axisymmetric isolated footings with low slenderness is presented. Two different failure mechanisms were selected as potentially governing. Both failure mechanisms consider that two footing portions are separated by a failure surface, which is assumed to be rotationally symmetric. The inner portion is considered to be rigid, while the outer portion deforms due to tangential moments according to a conical shape. Contrary to previous works, the mechanisms considered in the present paper lead to the consideration not only of the internal energy dissipated along the failure surface, but also of the internal energy dissipated in the bottom and top reinforcement, as well as in the concrete compression zone due to tangential bending. The governing failure mechanism is obtained in each case by minimization of the failure load accounting for the fact that both failure mechanisms provide an upper bound solution of the actual failure load.
On that basis, simplified solutions are also proposed, consistent with the upper bound solutions developed. Finally, both approximated and optimized solutions are compared with available experimental tests results, showing the consistency and accuracy of the approach.
Kinematical theorem of limit analysis applied to isolated reinforced concrete footings
In limit analysis, materials are assumed to behave in a perfectly plastic manner [45] . The application of the limit analysis is based on limit state theorems, and, in this paper, the kinematical theorem is used, providing an upper bound of the load carrying capacity. Global equilibrium is investigated stating that the rate of internal energy dissipated has to be balanced by the rate of external work for a licit (kinematically admissible) mechanism.
In this work, a rigid-plastic compressive behavior of concrete with a Mohr-Coulomb yield criterion is assumed, see Fig. 4 (a) and (b). Also the normality condition (strain rate vector normal to the yield locus) is respected. Due to the brittle behavior of concrete in tension, tensile strength is neglected (introduced as a tension cut-off in the plasticity surface). In order to take into account the brittleness of concrete in compression as well as the influence of transverse strains on concrete strength, a plastic compressive strength f cp is considered, which is given by [44] : of g e will be assumed in this work (and are considered constant for all internal dissipation contributions, refer to Section 5). Regarding the reduction factor accounting for the brittleness of the highstrength concrete, it may be obtained as [38, 41, 44, 49] :
with f c0 ¼ 30 MPa [44] . The consideration of the Mohr-Coulomb yield criterion with a tension cut-off leads to the definition of three potential regimes occurring along the failure surface (refer to Fig. 4 (b)), whose strain rates as well as principal stresses may be defined as follows:
Regime A :
Regime B :
Regime C :
where _ e 1 , _ e 3 and r 1 , r 3 are respectively the principal strain rates and the principal stresses; u is the concrete friction angle, herein considered equal to u ¼ 37 (i.e. tanðuÞ ¼ 0:75 [45] ). A uniaxial rigid-plastic behavior in both compression and tension of reinforcement steel bars is also assumed, refer to Fig. 4 (c) (i.e., dowel action is neglected). It has to be noted that positive strain rates and stresses refer to tension.
The geometrical and material properties used to describe the problem are presented in Fig. 5 (a) (see Appendix D for Notation). For a given footing geometry, two failure mechanisms (shown in Fig. 5(b) and (c)) are considered. The minimum load carrying capacity that results from the analysis using both mechanisms is the considered upper bound failure load. Both mechanisms consider that two portions of the footing are separated by an axisymmetric narrow plastic zone (see Fig. 5(a) ), where the velocity field results from the relative rotation rate _ w (Fig. 5 ) around an instantaneous center of rotation.
The kinematics considered for both mechanisms differ in the admissible location for the instantaneous center of rotation, as well as in the rotation direction. As shown in Fig. 5(b) , in the first mechanism (M1), the location of the instantaneous center of rotation in the radial axis is considered to be behind the edge of the column ðr ICR 2 À 1; r c Þ, while in the vertical direction it is admitted to be above the bottom reinforcement ðz ICR 20; 1½Þ. The kinematically admissible mechanism M1 presents a counterclockwise rotation when the instantaneous center of rotation is not in the infinite. This mechanism is often assumed to be the one occurring in flexural as well as punching shear failures of flat slabs. For flexural failures, the instantaneous center of rotation is close to the tip of the failure surface at the column edge, leading to a failure with an important rotation component. For the punching shear failure, the location of the instantaneous center of rotation in radial direction shifts toward infinite ðr ICR ! À1Þ. In the latter case, the mechanism consists in a vertical shift of the outer portion of the footing, without activation of both bottom and top reinforcements (as dowelling of the reinforcement is neglected). This case corresponds to the failure mechanism originally proposed by Braestrup et al. [28] , where only the internal energy dissipated along the failure surface contributes to the load carrying capacity.
As shown in Fig. 5 (c), the location of the instantaneous center of rotation in the kinematics admitted for the second mechanism (M2) is assumed to be below or at the level of the bottom reinforcement ðz ICR 2 À 1; 0Þ and outside the radius where the reaction resultant is applied ðr ICR 2r q ; 1½Þ. The rotation considered (clockwise) is opposite to the one assumed in the first mechanism. The kinematics of this mechanism allows a failure mode without activation of the bottom reinforcement (when the instantaneous center of rotation is located at the same level), which, as will be later shown, may govern in some cases. As for mechanism M1, also mechanism M2 allows a failure mode which corresponds to a shift of the outer portion of the footing, without dissipation of energy in the bottom and top reinforcements. This situation occurs when the radius of the instantaneous center of rotation moves toward infinite ðr ICR ! 1Þ, leading again to the solution originally proposed by Braestrup et al. [28] .
The rate of external work and the components of the rate of internal energy dissipated can be computed for each mechanism based on the velocity field occurring along the failure surface, which is a function of the geometry of this surface and of the location of the instantaneous center of rotation. An example of a failure mechanism and its velocity field is shown in Fig. 6 for mechanisms (a) M1 and (b) M2. As shown in Fig. 6 , the velocity _ u along the failure surface may be expressed as: being its radial component _ u r given by:
where r and z represent the radial and the height coordinates, respectively. While the reaction resultant applied to the footing provides the only component of the external work, different components of dissipation of internal energy might be activated: (i) shear transfer along the failure surface, (ii) compression in the concrete near top surface in the outer portion due to tangential bending, (iii) bottom and top reinforcements. For a given location of the instantaneous center of rotation ðr ICR ; z ICR Þ and for an assumed geometry of the failure surface, each component of the rate of external work and of the rate of internal energy dissipated may be computed as detailed in the following sections.
Rate of external work
The rate of external work P e is given by:
where the shear force V corresponds to the soil reaction applied to the footing outside the failure surface and r q describes the location of the soil reaction resultant (Fig. 6 ). In the cases of uniform soil reaction, the total load Q is obtained considering also the soil reaction inside the failure surface:
where r 0 refers to the radius of the failure surface at the level of the bottom reinforcement. In the present work, it is considered that the failure surface develops between the top surface and the bottom reinforcement (i.e. the cover of the bottom reinforcement is neglected). The radius r q may be calculated by means of:
In some tests, or in the case of pile caps, the reaction is concentrated at r q and Q ¼ V. While for uniform soil reaction cases, the failure surface may reach the bottom surface in between the edge of the column and the edge of the footing, in the cases of concentrated reactions, the failure surface may only be located in between the edge of the column and the inner radius of the loading areas (considering that supports are rigid).
(a) (b) (c) 
Rate of internal energy dissipated in the concrete along the failure surface
The energy dissipated along the failure surface is one of the components contributing to the total rate of internal energy dissipated in both mechanisms (Fig. 7) . The calculation of this component was already investigated by several researchers [e.g. 27, 28, 31, 32, 34, 45] . This dissipation of energy occurs in a narrow plastic zone with a thickness D. The dissipation of energy along the failure surface can be analyzed considering an infinitesimal part of it and assuming a velocity field as the one represented in Fig. 7(b) , where a radial view of the plastic zone that develops in the failure surface is shown. As derived in the Appendix A, the rate of internal energy dissipated along the failure surface P i;c;FS may be computed as:
where a refers to the angle between the failure surface and the vertical axis; v represents the angle between the failure surface and the velocity. Depending on this latter angle, three different regimes of dissipation of energy, corresponding to the regimes shown in Fig. 4 (b), may occur. In Regime A, which represents a sliding failure, the angle between the failure surface and the velocity is equal to the concrete friction angle ðv ¼ uÞ, corresponding to the regime where dissipation of energy is maximum. In this case, the geometry of the failure surface generatrix is a logarithmic spiral, since it is known that the angle between the normalized vector tangent to the failure surface generatrix at a certain point, and the normalized vector connecting this point and the instantaneous center of rotation has to be equal to the complementary angle of the concrete friction angle. It can be noted that if the instantaneous center of rotation moves toward infinity, the geometry of the failure surface generatrix in Regime A becomes a straight line. In Regime B, the angle between the failure surface and the velocity is in between the concrete friction angle and 90°. The last regime corresponds to the case where the velocity is normal to the failure surface, which is the reason why it is called as separation failure. In the latter case, neglecting the concrete tensile strength, there is no dissipation of energy. The geometry of the failure surface generatrix in Regime C is known to be a straight line, as the normalized vector tangent to the failure surface at a certain point has to be equal to the normalized vector that connects the same point and the instantaneous center of rotation.
Rate of internal energy dissipated in the concrete due to tangential compression
As can be seen in Fig. 6 (a), for mechanism M1, when the instantaneous center of rotation is inside the slab in terms of height ð0 < z ICR < dÞ, and only in this case, tangential compression in the concrete in the outer portion of the footing occurs. This component of dissipation of energy is zero in mechanism M2, since its kinematics does not allow the development of tangential compression in the concrete. The tangential compression near the top surface in a footing sector is represented in Fig. 8 . It is shown in Appendix B that the rate of internal energy dissipated corresponding to this component is given by:
where hd À z ICR i is equal to zero when the component d À z ICR is negative, corresponding therefore to the cases where there is no compression in the concrete due to tangential bending of the outer portion of the footing.
Rate of internal energy dissipated in the reinforcement
When the failure mechanism considers a velocity field with a non-zero radial component at the level of the reinforcement, dissipation of energy occurs in both radial and tangential directions. For mechanism M1, the bottom reinforcement is considered to be in tension, while the top reinforcement may be in tension or compression, depending upon the location of the instantaneous center of rotation (above or below the top reinforcement, respectively). In mechanism M2, both reinforcements are in tension. The rate of internal energy dissipated in bottom ðP i;s;b Þ and top reinforcements ðP i;s;t Þ are derived in the Appendix C, being shown to be respectively given by:
where x r and x 0 r are respectively bottom and top mechanical reinforcement ratios in radial direction; x t and x 0 t are respectively bottom and top mechanical reinforcement ratios in tangential direction; being given in a general manner by x ¼ q Á f y =f cp . For simplicity, it is considered here that the radial reinforcement ratio is constant along the radius.
Determination of the failure load
The rate of work equation states that the rate of external work has to be equal to the total rate of internal energy dissipated as: P e ¼ P i (according to the convention followed in [43, 45] ). The rate of the external work (given by Eq. (8)) and each component of the total rate of internal energy dissipated (Eqs. (11)- (14)) are nonnegative scalars.
The solution to the problem (location of the instantaneous center of rotation and geometry of the failure surface) results from the minimization of the failure load. As shown in Braestrup et al. [28] , the generatrix of the failure surface in the Regime B can be found by calculus of variations, using Lagrange-Euler equations [50] . Alternatively, the problem may also be solved numerically, dividing the failure surface in a finite number of segments, and searching for both the location of the instantaneous center of rotation and the geometry of the failure surface that lead to the lowest load carrying capacity. This corresponds to a constrained non-linear optimization problem, since the location of the instantaneous center of rotation as well as the angle between the failure surface and the velocity are constrained. In the following, results will be presented solved by means of a numerical optimization of the geometry of the failure surface and the location of the instantaneous center of rotation.
Influence of different parameters on the load carrying capacity
In this section, the results given by the optimization of the proposed kinematical approach are presented and the influence of the most important parameters is investigated. The results presented in this section consider: (i) uniformly distributed soil reaction applied to bottom surface; (ii) equal reinforcement ratio in both radial and tangential directions for bottom and top reinforcements (q ¼ q r ¼ q t and q 0 ¼ q 
where
c Þ is introduced in order to consider the uniform soil reaction under the column and r q is given by Eq. (10) using r 0 ¼ r c . The moment capacity of the section m R , which depends upon the location of the neutral axis (above, below or at the level of the top reinforcement), is calculated again assuming a rigidplastic behavior for concrete and steel: A clear flexural failure mode is shown to occur only for fairly low amounts of bottom mechanical reinforcement ratio (refer to Fig. 9  (a) ), where the load carrying capacity given by mechanism M1 is very close to the flexural capacity computed using Eq. (15) . As shown in Fig. 9(a) , mechanism M1 is governing for low amounts of bottom mechanical reinforcement ratio, defining a transition between flexural and punching shear failures. In fact, mechanism M1 considers in its kinematics the rotation known to occur for a flexural failure (Fig. 9(b) ). On the contrary, mechanism M2 considers a clockwise rotation, therefore leading to a failure mechanism more related to a translational movement (associated to punching failures) during the flexural-shear failure regime (Fig. 9(c) ). While for mechanism M1, the instantaneous center of rotation is close to the column, thus leading to an important component of rotation, in mechanism M2, the instantaneous center of rotation is far from it, leading to a dominant translational movement with low rotation associated. Therefore, in mechanism M1 (Fig. 9(b) ), a steep failure surface with biaxial compression (Regime A) close to the top surface, and a separation failure (Regime C) without dissipation of energy, close to the bottom surface, is observed. Hence, in mechanism M1, a considerably amount of the rate of internal energy dissipated occurs in the bottom reinforcement due to the important component of rotation in its failure mode. This is the reason why an increase of the bottom mechanical reinforcement leads to a significant increase in the load carrying capacity, accompanied by a reduction of the rotation component. For higher values of the bottom mechanical reinforcement ratio, the significance of the rotation decreases, reducing the influence of the bottom reinforcement. At this point, the dissipation of energy in the concrete along the failure surface increases, and the biaxially compressed zone extends toward the bottom surface. The evolution of the described process regarding mechanism M1 may be observed with the help of Fig. 9 (b), (d) and (e), where it is possible to follow the decrease of the rotation component and the growth of the importance of Regime A along the failure surface.
The transition between mechanisms M1 and M2 occurs when the rotation component disappears. This corresponds to the case where the instantaneous center of rotation is in the infinite and the failure mechanism corresponds to a pure translational movement with a horizontal component (Fig. 9(e) ). For increasing values of the bottom mechanical reinforcement ratio, mechanism M1 leads to a reduction of the horizontal component of this translational movement, until the failure mechanism consists only in a vertical shift of the outer portion of the footing (Fig. 9(f) ). This process is characterized by a decrease of the dissipation of energy in the bottom reinforcement, as a consequence of the decrease of the radial component of the velocity. This reduction is accompanied by an increase of the energy dissipated along the failure surface, which results from the increment of the length of Regime A along the failure surface (compare Fig. 9(e) and (f) ). However, as it can be observed in Fig. 9(a) , for fairly large values of the bottom mechanical reinforcement ratio, this solution does not correspond to the lowest upper bound solution, since another failure mechanism is governing. The failure mechanism governing in this case, represented in Fig. 9(g) , includes an important rotation component contrary to the one normally considered in a flexural failure. In this failure mechanism, the instantaneous center of rotation is located close to the footing and at the level of the bottom reinforcement, thus not activating it. From the comparison of Fig. 9 (f) and (g), respectively, corresponding to failure mechanisms M1 and M2 for equal bottom mechanical reinforcement ratio, it is possible to observe that the second mechanism leads to a lower contribution of the biaxially compressed zone (Regime A).
Parametric analysis
The results presented in Fig. 9 are extended in Fig. 11 for several cases varying the footing size (ratio r s =d ¼ 1:5; 2:25; 3:0), the column size (ratio r c =d ¼ 0:2; 0:4; 0:6), as well as the top mechanical reinforcement ratio ðx 0 ¼ 0; 0:05Þ. In Fig. 11 is also shown the normalized flexural capacity, computed according to Eqs. (15) and (16) . Although the influence of the ratios r s =d, r c =d and x 0 is important, the evolution of the normalized load carrying capacity with the bottom mechanical reinforcement ratio presented for the general case of Fig. 9 , is also observed in all the cases shown in Fig. 11 .
Although the influence of top mechanical reinforcement ratio (when reasonable values of it are adopted) tends to be reduced in the cases where mechanism M1 is governing, it shows a considerably influence in the results where mechanism M2 governs. This influence may be observed comparing Fig. 11(a) -(c) with Fig. 11  (d)-(f) , respectively, where the consideration of a low amount of top mechanical reinforcement ratio ðx 0 ¼ 0:05Þ leads to a significant increase of the load carrying capacity.
A large value of top mechanical reinforcement ratio leads to a limit situation corresponding to the instantaneous center of rotation located at infinite in the radial axis, thus leading to a failure mode characterized by a vertical movement of the outer portion of the footing. In this case, both mechanism M1 and M2 lead to the same failure mechanism and load carrying capacity, which corresponds to the solution originally proposed by Braestrup et al. [28] . This phenomenon may be observed, for example, comparing 
the case of r s =d ¼ 2:25 and r c =d ¼ 0:4 presented in Fig. 11 (b) and (d). An increase of the punching shear strength with the increase of the top mechanical reinforcement ratio is related to a decrease of the rotation component and to the increase of the biaxially compressed zone along the failure surface. This is the kinematical reason why the top reinforcement becomes more efficient for more compact slabs and larger column sizes, since these are the cases where a larger clockwise rotation component in the punching shear regime exists (mechanism M2 governing, compare e.g. Fig. 11 (a) and (c)). It is interesting to note that although this conclusion is obtained through a kinematical approach, it is physically consistent with the fact that the development of confinement stresses, due to the presence of top reinforcement, enables the improvement of the capacity of the diagonal compression strut carrying shear that develops inside the footing [51] . With respect to the ratio of the column size (ratio r c =d), it may be observed that for larger column sizes, although the failure surface is slightly steeper, not only the radius of the failure surface at the level of the bottom reinforcement, but also the area of the failure surface is larger, leading to a higher load carrying capacity.
As shown in Fig. 11 , and as previously explained, the punching shear strength increases with increasing column size, with increasing top mechanical reinforcement ratio and with decreasing footing size. As a consequence, the flexural-shear regime becomes more important, covering a larger range of bottom mechanical reinforcement ratios, meaning that this regime is relevant for the analysis of footings.
Although the presented analysis has been carried for uniform soil reaction, it may also be performed for concentrated reactions, leading to the same general conclusions. In these cases, as observed by Braestrup et al. [28] , when concrete tensile strength is neglected, as in the present work, the failure surface develops between the column and the inner radius of the support, accounting for the size of the loading areas (necessary to distribute the reaction forces).
Simplified formulations -practical application
The application in the practice of the kinematical approach above presented would be time consuming. For this reason, the development of simplified expressions, allowing a simpler, yet accurate, calculation of the load carrying capacity of footings becomes important. The application of the expressions that will be presented in the following is limited to the cases of footings (i) without shear reinforcement, (ii) considered to be subjected to a uniform soil reaction and (iii) with r c =d 6 1:2, 1:0 6 a=d 6 3:0 (where a ¼ r s À r c ) and 2:0 6 r s =r c 6 12:0. For simplicity reasons, only cases without top reinforcement will be investigated. This consideration is sufficiently approximated for practical purposes as the top reinforcement does not yield to significant differences except for very compact members with large columns (refer to Fig. 11 ).
In accordance to what is presented in the previous section, two different regimes are considered: flexural-shear regime for low amounts of bottom mechanical reinforcement ratio and punching shear regime for large amounts of the same parameter.
Flexural-shear failures
It was previously shown that this regime, where an interaction between flexural and shear behavior is observed, leads to lower load carrying capacity than the one predicted considering a flexural failure with the yield pattern shown in Fig. 10 (Eqs. (15) and (16)). In fact, a flexural failure considers a compression zone resulting from a pure flexural behavior, thus being only a function of the bottom and top mechanical reinforcement ratios (Eq. (16)). However, this does not occur for compact footings subjected to a concentrated load. In these cases, a concentration of large shear forces near the column is observed, resulting from a compression strut whose radial force component equilibrates most of the force of the whole tension reinforcement. For this reason, the height of the compression zone in the radial direction is significantly larger than in the tangential direction. For cases without shear reinforcement as those treated in this paper, the latter can even disappear as the instantaneous center of rotation is located outside the footing.
Due to the inclination of the actual compression strut carrying shear and the location of its resultant, the effective lever arm is reduced with respect to the one corresponding to a flexural analysis ( Fig. 12(b) ). The location of the resultant of the compression strut at the edge of the column (z c in Fig. 12(a) ) can be calculated on the basis of the results of the optimized theoretical solution using equilibrium conditions, as the load carrying capacity and the reinforcement forces are known. A good estimation of these results is given by the following equation:
where r q is calculated using Eq. (10) with r 0 ¼ r c . The load carrying capacity Q fs can thus be calculated according to Eq. (15) but using a reduced moment capacity m R accounting for the reduced lever arm, defined as:
with z c =d from Eq: ð17Þ ð 18Þ
It has to be noted that this equation is valid only for the flexuralshear failure as yielding of bottom reinforcement is assumed. For large amounts of bottom reinforcement, pure shear regime becomes governing.
Punching shear failures
Considering that sufficient amount of bottom flexural reinforcement is used to avoid a flexural-shear failure, a punching shear failure without plastic activation of the flexural reinforcement governs. In this regime, the load carrying capacity relies only on the internal energy dissipated by the concrete along the failure surface. Thus, a nominal control section where an effective shear stress is to be verified helps investigating this regime (typical approach of design codes). The location of this control section has to be a function of the inclination of the failure surface as well as of the distribution of the internal energy dissipated along the failure surface. A steeper inclination of the failure surface as well as a higher concentration of the energy dissipated near the column requires a control section closer to it. Besides being important to define the location of a nominal control section, the inclination of the failure surface is also important to define the amount of uniform soil reaction that acts inside the failure zone. Fig. 13 depicts the secant inclination b of the failure surface as a function of the shear slenderness ratio a=d, for different values of the column size to effective depth ratio r c =d. This inclination is defined as:
It is shown in Fig. 13 that this inclination is mostly a function of the shear slenderness (it decreases with increasing of the shear slenderness). This is in accordance with different experimental evidences [e.g. 14, 15, 17, 18] , which have shown a relationship between the inclination of the shear crack of the punching cone and the shear slenderness, with stepper shear cracks observed for more compact footings. Based on the results of the kinematical approach herein presented, a simple formula for the secant inclination b can be proposed:
Based on this inclination, the radius of the failure surface r 0 at level of the bottom reinforcement can be calculated according to Eq. (19) . On that basis, it is also possible to define the part of the uniform soil reaction acting inside the failure zone (and thus do not influencing the shear strength) and the total load carrying capacity Q p corresponding to this regime:
where V p represents the effective shear strength in the case of punching shear regime, thus corresponding to the uniform soil reaction outside the radius of the failure surface at the level of bottom reinforcement. Based on the column radius as well as on the radius of the failure surface at the level of the bottom reinforcement, a control section and its corresponding perimeter b 0 may be defined as:
Parameter 0.2 defines a control section located at 0:2 Á d Á cotðbÞ from the column edge. This choice is justified by the curvature of the failure surface with a steeper inclination near the column, precisely where a concentration of energy dissipation tends to occur (see Fig. 13(c)-(f) ). The punching shear carrying capacity, normalized by the plastic concrete compressive strength f cp and by the control section b 0 Á d, is shown as a function of the footing size in Fig. 13(b) for different column sizes. The figure shows that the normalized effective punching shear strength is mostly a function of the footing size to effective depth ratio r s =d. An increase of this parameter leads to a decrease of the normalized effective punching load, which is in accordance to what is physically expected. A simplified expression can be proposed to calculate the normalized effective punching strength as a function of the footing size to effective depth ratio:
It can be noted that f cp is calculated using Eq. (1) to account for concrete brittleness and the presence of transverse strains. The results obtained with the proposed expression are also shown in Fig. 13(b) , approximating fairly well the results numerically obtained through the optimization of the kinematical approach above presented. The lowest failure load obtained by the simplified expressions proposed for each regime is the governing load carrying capacity. A general comparison of the normalized load capacity obtained through the optimized solution of the kinematical approach above presented and the proposed simplified expressions is presented in Fig. 14 , for different footing and column sizes (span to effective depth ratio a=d varying from to 1.0 to 2.9). A very good agreement of the optimized kinematical solution by the proposed expressions can be observed.
Comparison with experimental results
Several experimental investigations concerning the punching shear strength of footings have been performed in the past [e.g. 1,2,4,5,7,9,11-18]. The experimental investigations presented by Hallgren et al. [7] and Dieterle and Rostásy [5] Table 1 , where a circular column with an equal perimeter of a rectangular column was considered and, in the case of square footings, r s was calculated considering an equal area for the bottom surface). The plastic concrete compressive strength was calculated according to Eq. (1) considering a constant value for the reduction factor accounting for the presence of transverse strains g e . Actually, this factor is not constant within the group of experimental tests considered, since it is a function of the state of strains in the region of the theoretical failure surface [47] [48] [49] , therefore depending on the bottom mechanical reinforcement ratio. Higher values of the latter ratio are associated to lower transverse strains. For this reason, two different values of the reduction factor accounting for the presence of transverse strains are considered in the comparison between the experimental results of Hallgren et al. [7] and the theoretical values of the normalized load carrying capacity, computed based on the optimization of the kinematical solution, shown in Fig. 15(a) 
Table 1
Description of experimental tests performed by Hallgren et al. [7] and Dieterle and Rostásy [5] .
Hallgren et al. [7] e S1 Square The reinforcement ratio was considered equal in both radial and tangential directions; its value was assumed to be equal to the average reinforcement ratio determined in orthogonal direction. e For the square footings of Hallgren et al. [7] , r q is simplified considering to be equal to the one of the experimental tests in circular footings (r q = 337 mm).
show a fairly good agreement between theory and experimental results. It is interesting to note that the test results with lower amounts of bottom mechanical reinforcement ratio approximate better the theoretical results for smaller values of the reduction factor g e . On the contrary, for the footings with larger amounts of bottom mechanical reinforcement ratio, a better agreement is found (and thus smaller strains at failure) if a higher value is considered for the reduction factor g e . Fig. 15 (b) shows a comparison with the tests performed by Dieterle and Rostásy [5] (main properties shown in Table 1 ). According to the authors of the experimental campaign, the four tests with q > 0.8% presented a bond failure at the plane of the bottom flexural reinforcement, leading to a potentially premature punching shear failure. Nevertheless, it is not clear if bond failure was the cause of a premature punching failure or was just a consequence of punching. For that reason, the referred experimental tests are also considered herein. For this group of tests, a reduction factor accounting for the presence of transverse strains g e varying within 0.45 and 0.55 is considered (slightly lower than for the previous series). The different range of values considered for each group of experimental tests may be justified by the different geometrical and material properties, as well as different loading conditions and potential bond failures. As this group of experimental tests was conducted with a uniform loading applied to the bottom surface of the footings, the simplified expressions are also presented in Fig. 15(b) approximating very well the optimized solution of the kinematical approach of limit analysis.
Although the comparisons between experimental results and theoretical values have shown a fairly good agreement for both groups of experimental tests, it remains clear that the value of the reduction factor g e to be applied in order to take into account the state of strains has to be further investigated. In addition, the potential influence of size is also a topic of future works.
Conclusions
The kinematical theorem of limit analysis is used in order to determine the load carrying capacity of isolated footings subjected to concentrated loads. The concrete is considered to have rigid-plastic behavior with a Mohr-Coulomb yield criterion.
A rigid-plastic behavior in both compression and tension is also adopted for the reinforcement bars. The influence of each physical parameter in the load carrying capacity based on the proposed approach is assessed. The main conclusions are:
1. Pure flexural failure only occurs for fairly low amounts of bottom mechanical reinforcement, while pure punching shear failure results only for large amounts of flexural reinforcement; 2. For intermediate amounts of flexural reinforcement, a combined flexural-shear mechanism becomes governing, allowing a smooth transition between flexural and punching shear failure modes. It is shown that this regime is particularly important for compact footings and larger columns, thus showing its importance when predicting the load carrying capacity of footings; 3. In what respects the punching shear regime, it is shown that the consideration of a failure characterized by a translational vertical movement of the outer portion of the footing might overestimate the punching shear strength in the cases of low amounts of top mechanical reinforcement ratios. This difference is more important for compact footings and for larger column sizes. In these cases, the top reinforcement ratio might play an important role; 4. A physical explanation for the previous conclusion on the influence of the top reinforcement, is that this reinforcement enables the development of confining stresses along the failure surface, increasing the capacity of the compression strut that carries shear directly inside the footing; 5. Simplified formulations for practical use are presented for the cases of footings subjected to uniform soil reaction, incorporating simplified expressions that allow the calculation of the load carrying capacity corresponding to each regime. It is shown that the simplified formulations proposed approximate fairly well the optimized kinematical solution; 6. The lower load capacity observed in the flexural-shear regime, when compared to the pure flexural capacity, is explained by the loss of lever arm due to the increase of the compression height at the column edge, where both shear and radial compression are carried by an inclined compression strut. This shows that the Johansen's yield line theory [24] developed for thin slabs is not really applicable for compact footings. 7. In what respects the punching shear regime, it is shown that the inclination of the failure surface is mostly a function of the shear slenderness and that the control section for assessing the shear strength should be located rather close to the column (closer than values usually adopted for punching design of flat slabs). This is justified by the fact that the failure surface presents, in a wide range of cases, a curved geometry with a steeper inclination close to the column, precisely where an important amount of internal energy is dissipated; 8. The proposed plastic approach is shown to approximate fairly well the experimental results of Hallgren et al. [7] and Dieterle and Rosásty [5] ; 9. Further investigation remains to be done regarding the value of the reduction factor that takes into account the state of transverse strains of the footings on the concrete strength and potentially also size effect.
Appendix A
This appendix describes the calculation of the rate of internal energy dissipated in the concrete along the failure surface. This dissipation of energy is investigated considering an infinitesimal region of the plastic zone occurring along the failure surface and assuming a velocity field as the one represented in Fig. 7(b) , where a radial view of this plastic zone is shown. Tangential and normal velocities as well as tangential, normal and deviatoric strains rates in this radial plane are respectively defined as:
where _ u is the velocity (Eq. (6)) and v is the angle between the velocity and the failure surface (refer to Fig. 7 ). As shown in Fig. 7 (c), based on Mohr's circle, the principal strains rates _ e 1 and _ e 3 , as well as the principal directions h an be respectively determined by:
With respect to _ e 2 , it varies linearly in the thickness of the plastic zone from zero (inner region) to the value of the tangential strain rate in the outer portion of the footing. Due to the fact that the thickness of the plastic zone is negligible with respect to the volume of the outer portion of the footing, the rate of internal energy dissipated in the plastic zone due to _ e 2 can be neglected. Using the relations defined in Eqs. (3)- (5) for the rigid-plastic behavior considered for the concrete (refer to Fig. 4(b) ), the rate of internal energy dissipated per unit of failure surface area dP i;c;FS for the three different regimes can be computed as:
The rate of internal energy dissipated along the failure surface P i;c;FS is therefore determined by: 
This appendix describes the rate of internal energy dissipated in the concrete due to tangential compression outside the failure surface (deformation of the footing portion outside the failure surface considered to have a conical shape). The strain rate in tangential direction within the compression zone (z ICR < z 6 d) is a function of the radial component of the velocity:
where z refers to the coordinate varying along the depth of the compression zone, thus being within z 2 ½z ICR ; d. The rate of internal energy dissipated per unit of volume dP i;c;t due to this component given by:
Hence, the rate of internal energy dissipated in the concrete due to the tangential compression P i;c;t is defined by: where hd À z ICR i is equal to zero when the component d À z ICR is negative. These correspond to the cases where compression due to tangential bending of the outer portion of the footing does not exist. Alternatively, the same result could be obtained by considering that the continuum tangential deformation of the outer portion is replaced by assuming tangential displacement discontinuities in a number of vertical (radial) failure surfaces where plane stress conditions are assumed. Defining respectively the bottom mechanical reinforcement ratio in radial and tangential direction as x r ¼ q r Á f y =f cp and x t ¼ q t Á f y =f cp , Eq. (C.10) can be rewritten:
The rate of internal energy dissipated in the top reinforcement can be computed in an analogous manner as for the bottom reinforcement. Hence, concerning the radial direction, the radial component of the velocity at its level _ u rad r;s;t , the rate of internal energy dissipated per unit of area of top radial reinforcement dP rad i;s;t and the rate of internal energy dissipated P With respect to the tangential direction, the corresponding strain rate _ e tan s;t , the rate of internal energy dissipated per unit of volume of top tangential reinforcement dP tan i;s;t and the rate of internal energy dissipated P The rate of internal energy dissipated in the top reinforcement P tan i;s;t results from the sum of both tangential and radial components, respectively given by Eqs. (C.14) and (C.17). Taking into account that top mechanical reinforcement ratio in radial and tangential directions are respectively defined by 
